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We consider different reaction mechanisms to study the substrate phosphorylation process catalyzed by the activated ERK2
enzyme. Such reaction schemes are constituted by three Michaelis-Menten (MM) reactions namely the ERK2 activation (phos-
phorylation), deactivation of phosphorylated ERK2 (dephosphorylation) and substrate phosphorylation catalyzed by the acti-
vated ERK2. We theoretically examine and analyze the phosphorylation/dephosphorylation networks to probe dynamic disor-
der which is a manifestation of multiple competing reaction timescales. We apply the waiting time distribution formalism based
on the chemical master equation approach to obtain exact analytical expressions for the turnover time distribution for the sub-
strate phosphorylation event from which we can obtain the mean reaction time and randomness parameter for the quantifica-
tion of the temporal fluctuations on the different reaction pathways.
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Introduction

Enzymes are the efficient dynamical bio-catalysts per-
forming several vital functions necessary for the sustenance
of human life like digestion of food, energy production, cell
growth, cell differentiation, and many others'. Mitogen-acti-
vated protein kinase ERK2 also known as extracellular sig-
nal regulatory kinase works at the integration of several bio-
chemical signals assisting various cellular processes like cell
proliferation, transcription control and development?. Most
of the physiological enzymatic actions involve phosphoryla-
tion and dephosphorylation cycle (PdPC). In phosphoryla-
tion, phosphoryl group attachment with an amino acid resi-
due occurs via phosphoester, phosphoramidate or anhydride
linkages. ERK2 activation requires phosphorylation carried
out by MAP/ERK kinases (MEK)®. For the substrate phos-
phorylation, the phosphorylated/activated enzyme* goes into
the nucleus of the stimulated cell and phosphorylates the
target. The corresponding dephosphorylation is the detach-
ment of phosphoric ester or anhydride through reversible
hydrolysis catalyzed by phosphatases (a kind of hydrolases)
which leads to the deactivation of the activated enzyme. This
PdPC?® is very common in post-translational modification
occurring in proteins where a covalent enzymatic modifica-

tion is followed by protein biosynthesis. Experimental and
theoretical investigations on the mechanistic action of ERK2
enzyme have shown light on how the initial occupancy of the
docking site introduces conformational modifications which
is followed by the specific substrate binding happening at
the active site®8. Recently, Kolomeisky and co-workers have
provided a quantitative network model® for theoretically in-
vestigating an unexpected enhanced activity caused by the
mutations'? in the D-site of ERK2 enzyme. As per the pur-
posed mechanism firstly, the inactive ERK2 enzyme binds
with an activator (MEK). The activator bound enzymatic state
irreversibly dissociates leading to the formation of the acti-
vated/phosphorylated ERK2. The phosphorylated enzyme
can execute the substrate phosphorylation or simply get de-
phosphorylated following the deactivation route. This bio-
chemical network has the coupled Michaelis-Menten (MM)
reactions associated with each of the reaction routes namely,
the phosphorylation of the inactive ERK2 (activation), de-
phosphorylation of the active ERK2 (deactivation) and phos-
phorylation of the substrate by the active ERK2.

In general, the mechanism of the enzyme action can be
understood from the celebrated Michaelis-Menten (MM) re-
action'!, E+ S = ES — E + P where an enzyme E rever-
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sibly binds with the substrate S to form the enzyme-substrate
complex ES which can either irreversibly dissociate to form
the product P with the regeneration of the free enzyme E or
can revert from the bound state releasing the substrate. These
events are characterized by the rate constants k4, k, and
k_4, respectively. In the quasi-steady state, we can obtain
the velocity expression as

_ Bl
Ky 18]

Here [Ey]is the total enzyme concentration ([Ey] = [E] + [ES]),
[S] is the substrate concentration and K, is the Michaelis-

k,1 + kz
Menten constant [KM: K, ]

(1)

With the emergence of the single-molecule fluorescence
microscopy'2-14, one can analyze the catalytic activity of a
single enzyme in real time. The waiting time distributions
associated with the catalytic turnover events in single en-
zyme studies showed multiexponential decay profiles'®:16
at higher substrate concentration which can be attributed to
the enzymatic conformational fluctuations occuring on
timescales comparable or longer than the timescale of the
catalytic reaction. This can lead to a distribution of reaction
rate constants, a phenomenon known as dynamic disorder'”.
In any renewal process, the PDF (Probability Distribution
Function)'® between the consecutive turnover events is a
fundamental quantity to be measured. For various kinds of
single molecule enzyme reactions like the enzyme inhibition
reactions'®, different binding mechanisms in the presence
of multiple substrates?’, we can obtain the exact rate ex-
pression by applying a theoretical formalism which agrees
with that derived in the deterministic limit. Provided that the
detailed balance condition holds good?'22, for the systems
with different number of internal states with conformational
modulations, the analytical expressions for the reaction ve-
locity shows a substrate concentration dependence which is
in accordance with the MM law. The average rate of the sub-
strate phosphorylation by the active (phosphorylated) ERK2,
shows the MM behavior®.

Experimental studies are restricted to rate analyses but
theoretical treatments can give dynamical interpretation of
the properties which are usually hidden from the ensemble
measurements. In order to quantify the temporal fluctuations
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in the reactions rates, we calculate the randomness param-
eter'>18 which is defined as the ratio of dimensionless vari-
ance to that of the mean square. Mathematically, it can be
represented as

(- (1)
R -
(2

Here, t is the time between two consecutive successful
events. If the value of R is found to be unity then there is a
single rate determining step else there are multiple compet-
ing reaction timescales. Its value also qualitatively predicts
the shape of the PDF23. Multiexponentiality in the PDF re-
flects the existence of several rate governing steps. We ask
the following questions: though the average rate of substrate
phosphorylation catalyzed by the active ERK2 enzyme shows
the hyperbolic dependence with the substrate concentration
but what is the nature of the corresponding waiting time dis-
tribution? Is dynamic disorder present in such PdPC reac-
tion networks? If so, how the randomness changes under
different physical scenarios subjected to change in the mag-
nitude of the rate constants constituting the parameter space
and concentrations of the activator, deactivator, substrate?
How the introduction of one more activator bound internal
state affects the functional form of the reaction velocity and
system randomness?

In this study, we have considered three different types of
PdPC reaction networks and we have applied the CME
(Chemical Master Equation)?* approach which represents
the time evolution of the joint probability distribution. This
technique has been employed earlier to differentiate between
parallel and off-pathway mechanisms2° and to calculate the
reaction flux2%, the Fano factor and other significant statisti-
cal quantities associated with single molecule enzyme reac-
tions. The formulated waiting time distribution focuses on
the substrate phosphorylation catalyzed by the active ERK2
enzyme. In different physical scenarios depending on the
magnitudes of the rate constants and concentrations of the
activator, deactivator, and substrate, the rate-determining step
changes. We obtain the analytical expression for the waiting
time distribution, the mean turnover time and the random-
ness parameter for the reaction schemes taken under con-
sideration. This study provides platforms for understanding
the dynamical aspects of the phosphorylation-dephosphory-
lation networks.

(2)
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Model I:
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Fig. 1. Schematic representation showing the activation/phosphorylation of the inactive ERK2, deactivation/dephosphorylation of the active
ERK2 and substrate phosphorylation carried out by the activated ERK2 enzyme.

In the above schematic, there are three reaction routes
namely, the activator (MEK) assisted activation/phosphory-
lation, the deactivator (phosphatases) involved deactivation/
dephosphorylation and the substrate phosphorylation path-
way catalyzed by the active ERK2 enzyme. Firstly, the inac-
tive free enzyme (E,) binds reversibly with an activator (M)
to form an activator bound enzymatic state (E,) which irre-
versibly dissociates to give the phosphorylated/activated state
(E). Now, this phosphorylated enzyme (E,) can access the
two probable pathways. Following the deactivation route, £,
can bind reversibly with the deactivator (D) to form the deac-
tivator bound enzymatic state (E5) which can irreversibly re-
generate the starting unphosphorylated free enzyme state
E,. Following the substrate phosphorylation pathway, E, can
reversibly bind with the substrate (S) forming the enzyme-
substrate complex (E,S). Further, E,S irreversibly dissoci-
ates to give the product and regenerated enzyme E,%). The
enzymatic state EZ(O) instantaneously converts to E, through
atransition characterized by the rate constant 8. In the given
reaction mechanism, all binding events associated with the
three routes namely, the phosphorylation of the inactive
ERK2, the dephosphorylation of the active ERK2 and the
substrate phosphorylation catalyzed by the active ERK2 are
characterized by the rate constant u. All the unbinding pro-
cesses beginning from the enzymatic bound states (E, Es,
E,S) are designated by the rate constant w, and all the irre-
versible rate processes are designated by the rate constant
o.. For this reaction mechanism, the reaction rate statistics

in terms of the time evolution of the joint probability of the
number of each species involved in the chemical reaction is
described by the chemical master equation (CME) approach.
The variables constituting the probability distributions are

My ME N, NE; NE,S Mg, 0 and n, representing the
number of enzyme molecules present in the state Ey, E, E,,

Ey, E,S, E)% and P respectively and n, is the number of
product molecules formed at a time t.
GIP [I’IE0 s I’IE1 s I‘IE2 , I‘IE3 , I’)Ezs, I’)Ez(g) ,np;t}
-1 -1
- @[M](n Eat Ve, YE + wing + DYE Y,
+a(ng,+)Yg, ij
-1 -1
+ u[D](n,:-2 + 1)Y,:-2 YE3 + W(n,:-3+ 1)YE2 Y,:-3
+a(ng, + 1)»/,;01 Y,
-1 -1
+ U[S](I’)E2 + 1)yE2 YEQS + W(nEZS + 1)YE2 YEQS
-y
+ (X(nEzs+ 1)YEZSYE2(0) yP
~ (ullMng, + (D1+ S,

+(W+(1)(”E1+”E3+”E28)))

P[”EOJ”E1J”E21”E3:”EQS:”EQ(m.np;t} (3)
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where Y is the step operator when operated?” on any func-
tion f{x ) gives the following form Yf(x) = f(x +1)and Y-" f{x)
=f{x-1). For example when it is applied on the first term of

the CME it will give e, Ye, P [ng,.n,.ne, ne, . ne,s.

nEz(o) ,np;t}:P[nEO+1,nE1—1,nEz,nEs,nEZS,nE2(o) ,I’lp; t}

Owing to the mutual exclusivity of different enzymatic states
i.e. at a given instant of time an enzyme can exist only in a
particular state we can write the above CME as a set of
coupled differential equations:

P, (t)

= —U[MPe, () + wPg, (1) + aPg (1 (4.0)
oPe. (1)
o = MIPE, (1)~ (W + 0)Pg, (1) (4.b)
Pk, (t)

—— = 0P, ()~ ulD] + ISP, (1) + WP (1)

+ WPEzs(t) + SOPEéo) (t) (40)

P, (t)
- UDIPE, (t) — (W + o) PE, (f) (4.d)
oPg st
EaztS() = u[SIPg, (t) — (W + 0)Pg s (1) (4.e)
Peo (1)

L =aPes(t) = 8oPen () (49

The probability for a single enzymatic turnover takes place
intime tand t + Atis f{t)At and this is the time required for
product formation to occur in the same time interval, fi)At =
APp(t) = 0P, g(f) At. In the limit of infinitesimal At, the turn-
over time distribution is

_ OPp(t)
ot
The instantaneous step representing the regeneration of free

OPg o (t) ~

enzyme from the state £,(0) is very fast such that :
O

0. At the beginning of the reaction, the enzyme exists in the
free-state conformer E; only such that PEO(O) =1, Pg,(0)=0,
Pg,(0)=0, Pg,(0) =0, Pg,5(0) = 0, Pg,0(0) = 0 and Pp(0) = 0.
Also, at any instant of time, the condition Pg(f) + Pg(f) +

f(t) = aPg,s(t) (%)
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Pg,(t) + Pg,(t) + Pgg(f) = 1 should always be satisfied. Thus,
the above set of coupled differential equations can be solved
by taking the Laplace transform and applying appropriate
initial conditions and normalization constraints we get the
following matrix

ﬁﬁo(s)

s+ [Mu —w 0 -« 0 0 B, (s) 1
My s+w+a 0 0 0 0 ot 0
0 —a s+u([D] + [s]) —w —w -8y ‘T’-"‘z ) _lo

0 0 —u[D] sta+tw 0 0 || Pe,(s) 0

0 0 —u[s] 0 stwra 0 |[P (s) 0

0 0 0 0 0 0

ISEéoj ©)
(6)
where “s” is the Laplace parameter, f (S) is the Laplace trans-

form of the function f{t) given as f(S) = J'goe Syt

Solving this matrix by taking an inverse gives

S+ As’+Bs+C

_PEO(S)_ s+ Es®+Fs®+Gs+H
-~ Mlus?+1s+]

Pg (5

AEl( ) s EsS+Fs*+Gs+H
PE2 (S) alMlus + K

ﬁ () =|s*+Es*+Fs+Gs+H (7)

E3\S alD][M]u?
Pg,s(s) S*+ES+Fs®+Gs +H
5 a[M][S]u?
_PE£°) (S) S*+EsS+Fs?+Gs+H

0
where

A= (D] + [S]u + 2(o + w),
B=o([D] + [S])u + (o + w)(cw + ([D] + [S]hu + w),
C=of[D] + [S]hu(or + w),
E=A+[Mu,
F= o2+ 20.([D] +[S]u + (M +w)(20.+ ([D] + [S])u +w),
G=2J+CH+K,
H= o2 [M|S]u?,
I'=[Mu (o + [D] + [S])u +w),
J = o [M|([D] + [S])u?, and
K= a[Mu(o + w).
From the obtained solution, the waiting time distribution func-

tion (s) in the Laplace domain
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o 2[M][S]u? .
s4+Es3+F32+Gs+H ( )

f(s)= 0Pe,s(S) =

From the first moment (n = 1) of the waiting time distribution,
the mean waiting time can be obtained using the relation

"= (A [“‘”] ©)
ds” s—0
= (o + w)([D] + [M]) + 2[M][D]u
a[M][S]u
o+ 2[Mu+w
t— (10)
o[Mu

For the reaction scheme represented in Fig. 1, the average
waiting time for the substrate phosphorylation shows a lin-
ear relationship with the inverse of the substrate concentra-
tion i.e. it follows the MM law. To quantify the temporal fluc-
tuations, we calculate the randomness parameter shown in

eq. (2). The analytical expression for the given reaction
scheme was found to be
2[MI[SIE 4
R=1-——— (11)
&

where
&1= (o (MJu-+w) (D1 (S} w
+20(([D]+[M]+[S)Y+w ), and

&= ((oc+w)(ID]+[M]+[S) + 2M)([D]+[S])u)

When eq. (11) is subjected to the limit [M] — 0, then R at-
tains the value one as the phosphorylation of the enzyme via
E, formation becomes the slowest step. The substrate would
be phosphorylated only after the activation of the enzyme. In
eq. (11) if we put the limit [S] — 0, R goes to unity. In this
physical scenario, the binding of the substrate with the ac-
tive ERK2 enzyme becomes the rate determining step.

Model II:

&
S \
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Fig. 2. Schematic representation showing the activation/phosphorylation of the inactive ERK2 assisted by the two different activator-bound
enzymatic states (£ and £} both can directly access the phosphorylated state of the ERK2), deactivation/dephosphorylation of the
active ERK2 and substrate phosphorylation carried out by the activated ERK2 enzyme.

Next we consider another reaction route where we con-
sider one more internal state (E7) which can be formed when
the starting enzyme conformer E reversibly binds with the
activator. £/ can irreversibly dissociate to the activated/phos-
phorylated enzyme (E,). We also consider the presence of
conformational fluctuations between these two activator
bound enzymatic conformers E; and £} characterized by the

rate constant p. Just like the previous reaction scheme, the
reaction rate statistics can be described by the CME ap-
proach. The variables constituting the probability distributions

are Mgy NE > NEY ’”E27”E37”E287”E§0) and Ny representing
the number of enzyme molecules present in the state £, £,
’ 0) i i
1 Eoy E3, E5S, and E2 , respectively and Ny s the number
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of product molecules formed at a time t.
0P [”EO NENE S NE, L NE L NES, nEZ(g) ,np;t}
= @[M](n £, WYe, Ve, +wing + OYg Ye,
+a(ng,+1)Yg, YE_; + ulM)(ng,+ Ve, yE‘,j
+wing,+ 1)\/,_;01 Yer +afng +1)Yg, YE‘;
+ p(ng,+ Ve, YE‘,11 + p(ng, + 1)\/,_;11 Yer
+ulD)(ng, + WY, yg; +w(ng, + 1)\/,;21 Y,
+afng, + 1)\/,;01 Ye, +ulSlng,+ 1)\/E2Y,_;21S
+w(ng,s+ 1)\/,_;21 Ye,s+alng,s+ )Ves YE‘;U)Y,51
- (2u[M]n,:-0 +(W+p+ang, +(W+p+ang,

+u([DI+[SIng,s +(otw)ng, +(at+w)ng g ))

P [nEo MENE NE, NE, NELS Mg (D) !”p;f} (12)

As shown in Appendix 1, the probability distribution function
for the substrate phosphorylation event

From the first moment of the waiting time distribution, we get
the mean reaction time

o+4[Mu+w

20[Mu
(o + w)([D] + 2M) + AIM[Dlu
+ (14)
20[M][S]u
Thus, the mean time for the substrate phosphorylation fol-
lows the MM equation. The analytical expression for the ran-

domness parameter for this reaction scheme was found to
be

{t)=

4M][SIE 5
R=f-— (15)

&4

where
E3= (oc2+ w+2a.(([D]+2M]+[S)u+w)
+ u(2[M]([D]+[S])u+([D]+2[M]+[S])W)) , and

& 4= (o+w)(D]+2[M]+[S]) +4M(D]+[S]u)* -

In eq. (15), in the limit [S] — 0, R attains the value unity
as the substrate binding event becomes the rate determin-
ing step. Also, in the limit, [M] — 0, the activation of ERK2
enzyme becomes the slowest step so R = 1.

Model Il

- 20 2 [M][S]u?
= aPg s(S) =
(s) 25 s+ Xs3+ Ys24 Zs + 2H (13)
E,
> e
N
S
E, e 5 E,S

w

3
E,©+ P;E,® o E,

Fig. 3. Schematic representation showing the activation/phosphorylation of the inactive ERK2 assisted by the two different activator-bound
enzymatic states (E} cannot directly reach the phosphorylated state of the ERK2), deactivation of the active ERK2 and substrate phos-

phorylation carried out by the activated ERK2 enzyme.
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In the above schematic, the activator bound state E,
cannot directly undergo an irreversible transition leading to
the activated state E,. E; can make a conformational flip to
E,, followed by reaching E,. The rest of Model Il is same as
that of the reaction Model Il as represented in Fig. 2.

Using the CME approach as given in Appendix 2, the
probability distribution function for the substrate phosphory-
lation event

IM][SIu2s + [M][Slu 2 (2p+w)
3

s+ qs4+ XS + ysz+ Z8 + hy

f(s) = @Pe,s(8)= Oﬂz(

From the first moment of the waiting time distribution we get
the mean reaction time

o (p+ [Mlu+w) + (2p + w)S[Mu + w)

t)
ofMu(2p + w)
(2p + w)S[DI[MJu + ([D] + [M])w) + o[M](2p + w)
. * [D)(p + [Mu + w)) i

o[M[S]u(2p + w)
The mean time for the substrate phosphorylation follows the

MM equation.

The analytical expression for the randomness parameter
for this reaction scheme was found to be

2[M][SIEg
R=1-— (18)
&
@, B, —
—— —_— -
_‘—'--“‘\“ o 0 ", . ) }\{\ ) .
05 —u=0.0M N, ; A
ned L\ - N/ /

08 —u=1jo=500) ‘ : N

@or e =000
i\ f o 06 —M=1 W -
06 \/ ) e i [M] = 1{a = 500) \ /
05 \ ./ 04

04

10 10’ i 1t

[3]

where
E5=(2p+w)2(2[Mu +w)(([D]+ [S)u }w
Eg=0.2(2p %+ p(ID]+ 2IM]+[S)u—[M)(D]+[S])u >
+3pw+[M]uw+W2) )
&7= a(2p+w(u(3p(ID]+2M]+[S])+ [M)(D]+[S])u)
+3p+2([D]+ 2[M]+[Su)w +2w 2) ,
Eg=E5+ g+ &7, and
Eg= ((2p-+W(3M](D]+ [S)u+([D]+[M]+[S])w)
+a([S](p-+w)+ (D) (p+[Mlu-+w)+[M](2p+[S]u+w)) >

In eq. (18) if we put the limit [S] — 0, then R attains the value
unity as the substrate binding event becomes the rate deter-
mining step. Also, in the limit, [M] — 0, the activation of ERK2
enzyme becomes the slowest step so R = 1.

Results and discussion

Variation of randomness parameter ‘R’ as a function of
substrate concentration ‘[S]’ for Model |

We plot the randomness parameter R as a function of [S]
for a given set of kinetic parameters to analyze the effects of
u, [M] and [D] as shown in Fig. 4. For all the cases, at low [S],
the substrate binding event is the rate-determining step and
there is no dynamic disorder and R = 1. At higher [S], the
enzyme is present in the substrate-bound E,S state and there
is a competition between the product formation event and

08 N /
08 =080t \\ e
—[D}=1 N
B s DR N
o 0 Y —

10" 10°

15]

5]

Fig. 4. The plots showing the variation of the randomness parameter (R) as a function of the substrate concentration [S] for the reaction scheme
represented in Fig. 1 to analyze the effect of (a) the binding rate constant (1) with the common set of reaction parameters: w=1, o = 5,
[M] =1 and [D] = 0.1, (b) activator concentration ([M]) in the common parameter space: u=1, w=1, oo = 5, and [D] = 0.001 and (c)
deactivator concentration ([D]) for the given set of reaction rate constants: v =1, w=1, oo =5 and [M] = 1. The red and green solid lines
represent the obtained behaviour at two values 0.001 and 1, respectively for u/[M]/[D] for the plots labelled as (a), (b) and (c), respec-
tively. The blue solid line in each plot represents the response for the case when o = 500 and the corresponding values of u/[M]/[D] are
taken to be unity for the plots labelled as (a), (b) and (c), respectively.
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the dissociation of E,S back to E,. For comparable o and w,
there is competition between these two events contributing
to the randomness of the system and R deviates from unity.
The competition reduces when one of the rate constant in-
volved in the competition is considerably higher than the other
assuring the presence of a single rate-determining step. For
example at high values of o the product formation event
occurs readily and the value of randomness parameter ap-
proaches to unity irrespective of changes in any other sys-
tem parameters.

At higher [S], when the enzyme is present in the sub-
strate-bound E,S state, at low values of u, the conversion of
E, into E,S is the slowest step and R = 1. With an increase
in the value of u, the substrate-binding event is no longer the
slowest step. There is a competition between the events start-
ing from E,S state which can lead to deviation in the value of
R from unity.

For a given set of kinetic parameters at low [S], R = 1
irrespective of [M]. At high [S], when [M] is low, the formation
of E; from E is the rate governing step and R approaches
unity. With an increase in [M], a sufficient amount of the ac-
tivated enzyme E,would be formed which will be readily con-
verted to E,S at moderate to high [S] and R deviates from
unity due to competing reaction time scales.

For a given parameter space, at low [S], there is no dy-
namic disorder irrespective of [D]. For high values of [M], the
free enzyme E, will go to the E, state which can participate
either in the substrate phosphorylation or the deactivation
route when [S] and [D] are of comparable order. This leads
to deviation in the value R from unity. At higher [S], and low
to moderate values of [D], the substrate phosphorylation
would be favored over the deactivation route and R is inde-
pendent of [D]. The enzyme will be now in the E,S state from
which product formation and dissociation can happen on com-
parable timescales and the randomness parameter attains a
constant non-unity value irrespective of the value of [D]. Con-
sidering a physical scenario where the magnitudes of [D]
and [S] are considerably high, we find that irrespective of
[D], at low [S], R = 1. At higher [S] and [D], sufficient amount
of E,S and as well as E; would be formed which increases
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the probabilities of the transitions from these bound enzy-
matic states and thus, R # 1. Further, at high [S] and at ex-
tremely high values of [D], the dephosphorylation route will
be favored over the product formation step and thus, the
value of R approaches to unity.

Based on Table 1 in Appendix 1, the dependence of the
randomness parameter on u, [M] and [D] for Model Il is same
as in Model I. Also based on the expression of the random-
ness parameter as given in eq. (15), the randomness pa-
rameter is independent of the conformational fluctuation rate
p in Model Il. When the rate of conformational fluctuations
between E; and E} and the rate of formation of the phospho-
rylated enzyme from E; and E} are same, there is no com-
petition among reaction timescales, and the randomness
parameter is independent of the conformational fluctuations
at a given concentration of [M] and [D]. For Model lI, the
presence of conformational fluctuations between two activa-
tor bound enzymatic states affects the randomness in the
system. When the enzyme is in the inactive Ej state, it has
to reach to the E; state for the reaction to proceed towards
product formation. When the rate constant characterizing
these conformational transitions (p) is smaller or comparable
in magnitude to the other rate constants then it can lead to
dynamic disorder. This is evident from the significant devia-
tion in the value of R from unity (eq.(18)) as shown in Fig. 5.

1.5
—p =0.0001 g
—p =0.05 S
—p=0.1
—p=05

0.5
1072 10° 10? 10*

[S]

Fig. 5. Plot showing the variation of randomness parameter (R) as a
function of substrate concentration ([S]) for the reaction scheme
represented in Fig. 3 to analyze the effect of the rate constant
p at four different values 0.0001, 0.05, 0.1 and 0.5 represented
by the red, green, blue and black solid lines, respectively. The
common set of reaction parameters u=1, w=1, a =5, [M] =
10 and [D] = 0.1.
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With an increase in the magnitude of p, the Ej state is readily
converted to E; state and the dynamic disorder decreases,
R is equal to one. As seen from Table 1 in Appendix 2, all
other dependencies of R on u, [M] and [D] follows the same
trend as observed in Model I.

Conclusions

In this study, we have applied the waiting time distribu-
tion formalism to understand the dynamical picture associ-
ated with the substrate phosphorylation process catalyzed
by the activated ERK2 enzyme. For such reaction systems,
we find that the reaction velocity shows a hyperbolic depen-
dence on the substrate concentration as observed in a simple
MM type reaction. But there are multiple rate-determining
steps in different physical scenarios depending on the given
parameter space as well as the concentrations of the activa-
tor, substrate, and deactivator. When there is sufficient avail-
ability of the activated ERK2 (E,), and the substrate concen-
tration is considerably higher than the [D], the phosphoryla-
tion of the substrate will be favored over the deactivation/
dephosphorylation of the active enzyme (E,). At high [S], the
enzyme present in the substrate-bound state can either form
the product or E,S can simply revert back to £,. Thus, there
are multiple rate-determining steps contributing to the ran-
domness of the system. For the cases when the [D] and [S]
both are significantly high, the probabilities of transitions from
the deactivator bound and substrate-bound enzymatic states
increases leading to the deviation in the value of R from unity.
For the reaction Model II, the presence of conformational
fluctuations between E; and E} neither affects the reaction
rate nor the randomness parameter. If the activated enzy-
matic state is not directly accessible to one of the activator
bound state as shown in reaction Model lll, then the enzyme
will be trapped in the E state and the formation of the acti-
vated ERK2 (E,) form is hindered. If the conformational fluc-
tuations are faster, then it will readily go back to E, state
from which the formation of E, takes place and the disorder
in the system decreases.

The applied theoretical formalism provides justifications
to explain the causes contributing to the system random-

ness and also emphasizes on how the rate determining step
changes in different physical situations. This study provides
a platform for dynamical interpretations associated with the
phosphorylation/dephosphorylation network reactions.
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Appendix 1

We write the CME for the reaction Model Il as shown in
eq. (12) of the manuscript. To solve that we use the mutual
exclusivity of different enzymatic states i.e. at a given instant
of time an enzyme can exist only in a particular state. This
reduces the CME to the following set of coupled differential
equations:

oPe (1
’;; — ~2u[MIPg, (t) + WP (t) + WP (1) + aPE. (1)
(A1.12)
OPE (1)
‘ S ulMIPe, 1) - 0P, 1)+ PP 1) (A1.1b)
OPE: (t)
S M, () + PP, 1)~ P ) (A1.10)
OPg_ (t
: ’;;( ) P, () + P, () - ulD) + ISP, ()
+WPg, (t) + WPg s(t) + 50P5§0) (t) (A1.1d)
P, (1)
= = UDIPE, (1) - bP, () (A1.1e)
oP t
Pe,sl ~ ISP, (1) - bPE s 1 (A1.1)
AP (t)
Eazt = aPg,s(t) = 3oPg o (1 (A1.1g)

wherea=w+o+pandb=o+w.
The turnover time distribution for the reaction Model Il is
_ OPp(t)

ot

f(t)

— aPes(t). (A1.2)
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The instantaneous step representing the regeneration of free

0 oPgo ()
enzyme from the state £, is very fast such that —2

0. At the beginning of the reaction, the enzyme exists in the
free-state conformer E; only such that Pg (0) =1, P, (0) =0,
Pg(0) =0, Pg,(0) = 0, Pg,(0) = 0, Pg,g(0) = 0, Pg,(0) = 0
and Pp(O) = 0. Also, atany instant of time, the condition PEO(t)
+ Pg () + P (t) + Pg(f) + Pg,(t) + Pg,s(f) = 1 should always
be satisfied. Thus, the above set of coupled differential equa-
tions can be solved by taking the Laplace transform and ap-
plying appropriate initial conditions and normalization con-
straints to obtain the following matrix

qu(S)
s+2u[M] —w  —w 0 —a 0 0 ﬁsl(s) 1
—u[M] s+a —p 0 0 0 0 p ) 0
—u[M]  —p s+a 0 0 0 o || &Y 0
0 —a —a  s+u([S]+[D) -w —w —&| I ) |=[0]1.3)
0 0 0 —u[D] s+b 0 0 (| Pg,(s) 0
- = 0
0 0 0 —uls] 0 s+b 0 By,s(s) 0
0 0 0 0 0 0 s ~
P (s)

After further rearrangement and taking an inverse gives

s?+ As24+Bs+cC
i ﬁEu (s) 1 S4+X S34Y 5247 s+2H
N [Mus?+1s+]
PEi (S) 541X 53475242 542H
ﬁE{(S) [Mlus?+Is+]
~ s¥4+X534Y s2+Z s+2H
PEZ () | = 2a[Mlus+2 K (A1.4)
o) s¥+X s3+Y s2+Z s+2H
P, () 2a(D] [M]u2
PEZS(S) s*+X s3+Y s2+Z s+2H
ﬁ © (S) 2a[M][5]u?
L Ej . s*+X53+Y s2+Z s+2H
0
where
X=E+[Muy,

Y= o2+ (2[Mu + w)([D] + [S)u +w)
+ 200 (([D] + 2[M] + [S])u + w) and

Z = au((o+w)([D] + 2[M]+[S]+AIMIDI+[SDu ,

Using 15523 (S) from eq. (A1.4) we obtain the expressions for

the waiting time distribution (eq. (13)), the mean turnover
time (eq. (14)) and the randomness parameter (eq. (15)) as
shown in the manuscript.
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Table 1
(a) Effect of the binding rate constant u at high [S] for Model I
Kinetic parameters u R
w=1,0.=5[M=1,[D]=0.1,[S] = 5x104 0.001 ~1
05 0.6250
1 0.4800
5 0.3786
w=1, =500, [M=1,[D]=0.1,[S]=5x10* 1 (fixed) ~1

(b) Effect of the activator concentration [M] at high [S] for Model I

Kinetic parameters u R
u=1,w=1,0.=5[M=1,[D]=0.001,[S]=5%104 0.001 ~1
0.1 0.8906
1 0.4800
10 0.4140

u=1,w=1,0=500[M=1,[D]=0.001,[S]=5%10* 1 (fixed) ~1
(c) Effect of the deactivator concentration [D] for Model Il
Kinetic parameters D] R

u=1,w=1,0.=5[M=1,[S]=5%104 0.001 0.4800
1 0.4800
1103 0.4902
5x108  ~1

u=1,w=1, o=500,[M=1,[S] = 5x10* 1 (fixed) ~1

Appendix 2

Just like the previous reaction schemes (Model | and
Model 11}, the reaction rate statistics for the reaction Model
Il can be described by the CME approach. The variables

constituting the probability distributions are ng .ng,,ng;,

ME,y ME+ MES MED and n, representing the number of en-

zyme molecules present in the state Eq, E4, E}, E,, Es, E,S,
and Eéo), respectively. N, is the number of product molecules
formed at a time t.
o+P [nE0 e NE NE, NES NES N ) ,np;t}
-1 -1
- @[M](n £+ WY, Yg !+ wing, + DVE Ve,

+a(ng,+ 1)V, YE‘;

+ ulMI(ng, +)Ye, yE—,j +wing,+ 1)»/,5—01»/,5,1
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+plng, + )Y, YE‘,11

+ plng, + 1)YE_11 Ye, +ulD)(ng,+1)Yg, YE_;
+w(ng,+ 1)YE_21YE3

+a(ng,+ 1)»/,;01 Y, +ulSlng,+ DY, ijs
+w(ng s+ 1)\/;21 Ye,s

+a(ng,s+ 1)YEQSYE_QO) 175

- (ZU[M]nEO H(Wtpto)ng, +(wrpng,
+u([D]+[S)ng s

+(o+wW)ng, +(o+W)ng,s ))

P [n,:—0 NELNENE, NE, NELS: ”Egm ,np;t}

(A2.1)

Owing to the mutual exclusivity of different enzymatic states
the above CME as a set of coupled differential equations:

oPg (J

= —2u[M]P,:-0 6+ WPE1 6+ WPEr1 6+ oLPE3 ()

(A2.2a)
oPg,(t)
= UIMP, (1) - &P, (1) + P () (A2.2b)
P, (t)
y C uIMIPg, (t) + PP, (t) = (W+p)Pg, (t)  (A2.2c)
P, (1)
22— aPe, t) - u[D] + SUPe, (1) + WP, (1)
+ WPE,s(f) +30Pp 0 (1) (A2.2d)
P () _ u[DIPE. (t) - Pz (1) (A2.2€)
at £, Es '
CPE s(t)
S USIPe, (1) - bP s 1) (A2.20)
)
gt = aPe,s(l) = 30Pg () (A2.2g)

The turnover time distribution for the given reaction Model Ill
is

Pp(t)
At
The above set of coupled differential equations can be solved
by taking the Laplace transform and applying appropriate
initial conditions and normalization constraints as explained
for the reaction Model | and Il.

f(t)= =oPgs(t). (A2.3)

Arranging them in the form of matrix we get

pEo(S)
s+ 2u[M]  -w —w 0 —-a 0 0 Bz (s) 1
—ulM]  s+a —p 0 0 0 ol p * 0
—u[M] -p s+p+w 0 0 0 0 fi ©) 0
0 —a 0o stulsl+D  -w w5l Pa(®) [=]0
0 0 0 —u[D] s+b 0 0 || Py(s) 0
0 0 0 —u[s] o s+b 0I5 (s g
0 0 0 0 0 0 LIS
(a2.4)
After further rearrangement and taking an inverse gives
s*+ hs3+ js?4ls +n
N : 554+q st+ x 53+ ys2+z5+4,
PEﬂ (5) [M]ll. s3 A3 SZ+/13 5 +A4
PEI(S) s5+qst+ x5+ ysi+z s+,
ﬁ F(S) [Mlus®+ A5 52+26 5 +A7
E1 s5+qst+xs3+ys2+zs+A
- : (A2.5)
PEZ (5) = alM]u 5% +1g s+1o '
I’J“E (S) s54+qst+ x5+ yslizs+A,
2 a[D][M]u2 s+a[D][M]u2(2p+w)
PE.'ZS(S) s5+qst+ x s34+ ysi4zs+A,
P () a[M][S]’s +a[M][S]u’2p+w)
L Ep - s51q st 3 2
qs*+xs*+yst+zs+a,
0
where

h=2(oc+w)+2p+w+([D] +[S])u,
J= a([D]+[Shu + alp +w) +w(2p +w)
+ (o (ID]+[ST)u + w)(oc + 2(p +)w)

I= a(ID]+[S)u (o+ 2(p +)w)

+ (o-+(DI+[SDu + w)(culp + w) + w(20)+ w) |
n= (a+(D+[Shu(alp +w) +w(2p)+w) |

q = 2p + ((D]+2[M]+[S])u+3w

+ a(2+a[M][S]u2(2p+w)) :

X= o2+ 2[MJu+w)(([D]+[S)uyw + (2p+w)
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(D] + 2[M]+[S])u+2w)

+ o(3p+2(D] + 2[M] + [S])u + 4w) ,
Y= (2p+w)2[M]u+w)(([D] + [S]u}-w
+ a2 (p+([D] + 2[M] +[SDu + w)
+a(6[M]pu +([D] + [S])u (3p + 4[M]u)
+3pw + 3[D] + 5[M] + 3[S]uw + 2w ?),
z= ow(2p + w)B[M](D] + [S]hu+ (D] + [M] + [S))w)
+a(Sl(p +w) +[Dl(p + M])u + w)
+[M](2p + 2[Slu+w))) ,
A =a? MISIu(2p +w),
iy = [Mlu(o.+ 2p + (D] + [SDu + 2w),
A3 = [MJu(o([D] +[SDu + (2p + w)(b + (ID] + [Slu) ,
%oq = aMI(D]+ [Shu?(2p + w),
N5 =No+ alMu],
A = Ay +[Mlu(alb+(D]+[$)u) ,
ky =g + a2 MIID]+[SDu?,
g = alMlu(a+2(p+W) , and
g = a[Mub(2p +w) .

Using ﬁEZS (S) from eq. (A2.5) we obtain the expression for

the waiting time distribution (eq. (16)), the mean turnover
time (eq. (17)) and the randomness parameter (eq. (18)) as
shown in the manuscript.

Table 1
(a) Effect of the binding rate constant u at high [S] for Model IlI
Kinetic parameters u R
w=1,0=5p=1[M=1,1[D]=0.1,[S]=5x10*  0.001 ~1
0.5 0.71174
1 0.6790
5 0.7837

w=1,0=2500 p=1,[M=1,[D]=0.1,[S]=5x10* 1(fixed)  ~1
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Table-1 (contd.)

(b) Effect of the activator concentration [M] at high [S] for Model I

Kinetic parameters u R
u=1,w=1,p=10a=5[M=1,[D]=0.001, 0.001 ~1
[S] = 5%104

0.1 0.8940
1 0.6790
10 0.8384
u=1,w=1,a=500,p=1,[M=1,[D]=0.001, 1 (fixed) ~1
[S] = 5%104
(c) Effect of the deactivator concentration [D] for Model I
Kinetic parameters D] R
u=1,w=1,0=5p=1[M=1,[S] = 5x10* 0.001 0.6790
1 0.6790
1x10% 06852
5x108  ~1
u=1,w=1, =500 p=1,[M=1,[S]=5x104 1 (fixed) ~1
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